Abstract. This paper provides evidence for the Birch and Swinnerton-Dyer conjecture for analytic rank 0 abelian varieties A f that are optimal quotients of J 0 (N ) attached to newforms. We prove theorems about the ratio L(A f , 1)/Ω A f , develop tools for computing with A f , and gather data about certain arithmetic invariants of the nearly 20, 000 abelian varieties A f of level ≤ 2333. Over half of these A f have analytic rank 0, and for these we compute upper and lower bounds on the conjectural order of (A f ). We find that there are at least 168 such A f for which the Birch and Swinnerton-Dyer conjecture implies that (A f ) is divisible by an odd prime, and we prove for 37 of these that the odd part of the conjectural order of (A f ) really divides # (A f ) by constructing nontrivial elements of (A f ) using visibility theory. We also give other evidence for the conjecture. The appendix, by Cremona and Mazur, fills in some gaps in the theoretical discussion in their paper on visibility of Shafarevich-Tate groups of elliptic curves.
Introduction
Let N be a positive integer, and let f be a newform of weight 2 on Γ 0 (N ). A construction due to Shimura associates to f an abelian variety quotient A f of J 0 (N ). We say that A f has analytic rank zero if its L-function L(A f , s) is nonzero at s = 1. In this paper we give evidence for the Birch and SwinnertonDyer conjecture for analytic rank 0 abelian varieties A f of arbitrary dimension. For such abelian varieties, the conjecture asserts that A f (Q) is finite and gives a formula for the order of the Shafarevich-Tate group X(A f ).
Kolyvagin and Logachev proved in [KL89, KL92] that if L(A f , 1) = 0, then A f (Q) and X(A f ) are both finite. To the best of our knowledge, Birch and Swinnerton-Dyer's formula for # X(A f ) has not been completely verified for a single abelian variety A f of dimension greater than one. In [KL92, §1.6] Kolyvagin and Logachev remark that if one were able to compute the height of a certain Heegner point, their methods could be used to find an upper bound on # X(A f ), but we have not done this. Instead, in this paper we focus on computing nonzero subgroups of X(A f ) when the conjecture predicts that X(A f ) is nonzero.
Inspired by work of Cremona and Mazur (see [CM] ), we had the idea of reversing their methods and of proving, in some cases, that # X(A f ) is at least as big as predicted by the Birch and Swinnerton-Dyer conjecture. Instead of assuming that X(A f ) is as predicted by the conjecture and trying to understand whether or not it is visible in J 0 (N ), we prove a theorem (see [AS02] ) that allows us to sometimes construct the odd part of X(A f ) without assuming any conjectures. After developing algorithms that allow us to compute the conjectural order of X(A f ) in most cases, we analyzed the 19608 abelian varieties A f of level ≤ 2333, and we constructed the tables of Section 5. This resulted in the first systematic experimental evidence for the Birch and Swinnerton-Dyer conjecture for modular abelian varieties of dimension greater than 2 (see [FpS:01] for dimension 2). This paper is organized as follows. In Section 2 we review the background of modular abelian varieties and we state the Birch and Swinnerton-Dyer conjecture. Section 3 explains the basic facts about quotients A f of J 0 (N ) that one needs to know in order to compute with them. In Section 4 we discuss a generalization of the Manin constant, derive a formula for the ratio L(A f , 1)/Ω A f , and bound the denominator of this ratio, thus giving some theoretical evidence towards the Birch and Swinnerton-Dyer conjecture. Section 5 reports on our construction of a table of 168 rank 0 abelian varieties A f of level ≤ 2333 such that the Birch and Swinnerton-Dyer conjecture predicts that # X(A f ) is divisible by an odd prime, and it discusses what we computed to show that for 37 of the A f there are at least as many elements of the odd part of # X(A f ) as predicted. The part of # X(A f ) that is coprime to the modular degree of A f (which we define below) is a perfect square, and in the several cases where we could compute the odd part of the conjectured value of # X(A f ), we found the odd part to be a perfect square, which gives computational evidence for the conjecture. The appendix, written by Cremona and Mazur, fills in some gaps in the theoretical discussion in [CM] .
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where f (i) is the ith Galois conjugate of f and a (i) n is the ith Galois conjugate of a n . It follows from work of Hecke that L(A, s) has an analytic continuation to the whole complex plane and satisfies a functional equation. Birch and Swinnerton-Dyer made the following conjecture, which relates the rank of A to the order of vanishing of L(A, s) at s = 1.
Conjecture 2.1 (Birch and Swinnerton-Dyer). The Mordell-Weil rank of A is equal to the order of vanishing of L(A, s) at s = 1, i.e., dim(A(Q) ⊗ Q) = ord s=1 L(A, s).
Birch and Swinnerton-Dyer also furnished a conjectural formula for the order of the Shafarevich-Tate group (They only made their conjecture for elliptic curves, but Tate [Tat66] reformulated it in a functorial way which makes sense for abelian varieties. See also [Lan91, §III.5] for another formulation.) We now state their conjecture in the special case when L(A, 1) = 0, where [KL89, KL92] imply that X(A) is finite. The conjecture involves the Tamagawa numbers c p of A (see Section 3.7) and the canonical volume Ω A of A(R) (see Section 4.2).
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Conjecture 2.2 (Birch and Swinnerton
where A ∨ is the abelian variety dual of A.
Remark 2.3. Since L(A, 1) = 0, finiteness of X(A) and the existence of the CasselsTate pairing imply that # X(A) = # X(A ∨ ), so Conjecture 2.2 can also be viewed as a formula for # X(A ∨ ).
The algorithms outlined in this paper take advantage of the fact that A is attached to a newform in order to compute the conjectural order of X(A) away from certain bad primes.
Explicit approaches to modular abelian varieties
We use the algorithms of this section to enumerate the A f , to compute information about the invariants of A f that appear in Conjecture 2.2, and to verify the hypothesis of Theorem 3.13 in order to construct nontrivial subgroups of X(A f ). The second author has implemented the algorithms discussed in this paper and made many of them part of the Magma computer algebra system [BCP97] .
In Section 3.1, we discuss modular symbols, which are the basic tool we use in many of the computations, and in Section 3.2 we discuss how we systematically enumerate modular abelian varieties. There is an analogue for A f of the usual elliptic-curve modular degree, which we discuss in Section 3.3 and which we use to rule out the existence of visible elements of X(A f ) of a certain order. In Section 3.4 we describe how to compute the intersection of two abelian varieties, which will be needed to verify the hypothesis of Theorem 3.13. In Sections 3.5 and 3.6, we describe standard methods for bounding the torsion subgroup of an abelian variety above and below. Section 3.7 reviews an algorithm for computing the odd part of the Tamagawa number c p when p || N , and it discusses the Lenstra-Oort bound in the case when p 2 | N . Unless otherwise stated, f is a newform, I f its annihilator, and A = A f is the corresponding optimal quotient of J 0 (N ).
3.1. Modular symbols. Modular symbols are crucial to many algorithms for computing with modular abelian varieties, because they can be used to construct a finite presentation for H 1 (X 0 (N ), Z) in terms of paths between elements of P 1 (Q) = Q ∪ {∞}. They were introduced by Birch [Bir71] and studied by Manin, Mazur, Merel, Cremona, and others.
Let M 2 be the free abelian group with basis the set of all symbols {α, β}, with α, β ∈ P 1 (Q), modulo the three-term relations {α, β} + {β, γ} + {γ, α} = 0 and modulo any torsion. The group GL 2 (Q) acts on the left on M 2 by
where g acts on α and β by a linear fractional transformation. The space M 2 (Γ 0 (N )) of modular symbols for Γ 0 (N ) is the quotient of M 2 by the subgroup generated by all elements of the form x−g(x), for x ∈ M 2 and g in Γ 0 (N ), modulo any torsion. A modular symbol for Γ 0 (N ) is an element of this space, and we frequently denote the equivalence class that defines a modular symbol by giving a representative element.
Let B 2 (Γ 0 (N )) be the free abelian group with basis the finite set Γ 0 (N )\P 1 (Q). The boundary map δ :
[β] denotes the basis element of B 2 (Γ 0 (N )) corresponding to β ∈ P 1 (Q). The cuspidal modular symbols are the kernel S 2 (Γ 0 (N )) of δ, and the integral homology H 1 (X 0 (N ), Z) is canonically isomorphic to S 2 (Γ 0 (N )).
Cremona's book [Cre97, §2.2] contains a concrete description of how to compute M 2 (Γ 0 (N )) ⊗ Q using Manin symbols, which are a finite set of generators for M 2 (Γ 0 (N )). In general, the easiest way we have found to compute M 2 (Γ 0 (N )) is to compute M 2 (Γ 0 (N ))⊗ Q and then to compute the Z-submodule of M 2 (Γ 0 (N ))⊗ Q generated by the Manin symbols.
3.2. Enumerating newforms. Since X 0 (N ) is defined over Q, it is defined over R, so complex conjugation acts on X 0 (N )(C) and hence on the homology H 1 (X 0 (N ), Z). In terms of modular symbols, complex conjugation acts by sending {α, β} to {−α, −β}. Let H 1 (X 0 (N ), Z)
+ denote the +1-eigenspace for the action of the involution induced by complex conjugation, which we can compute using modular symbols. We list all newforms of a given level N by decomposing the new subspace of H 1 (X 0 (N ), Q)
+ under the action of the the Hecke operators and listing the corresponding systems of Hecke eigenvalues (see [Ste02a] ). First we compute the characteristic polynomial of T 2 and use it to break up the new space. We apply this process recursively with T 3 , T 5 , . . . either until we have exceeded the bound coming from [Stu87] (see [AS] ) or until we have found a Hecke operator T n whose characteristic polynomial is irreducible.
We order the newforms in a way that extends the ordering in [Cre97] : First sort by dimension, with smallest dimension first; within each dimension, sort in binary by the signs of the Atkin-Lehner involutions, e.g., + + +, + + −, + − +, + − −, − + +, etc. When two forms have the same Atkin-Lehner sign sequence, order by | Tr(a p )| with ties broken by taking the positive trace first. We denote a Galoisconjugacy class of newforms by a bold symbol such as 389E, which consists of a level and isogeny class, where A denotes the first class, B the second, E the fifth, BB the 28th, etc. As discussed in [Cre97, p. 5], for certain small levels the above ordering, when restricted to elliptic curves, does not agree with the ordering used in the tables of [Cre97] . For example, our 446B is Cremona's 446D.
3.3. The modular degree. Since A f is an optimal quotient, the dual map A ∨ f → J 0 (N ) is injective and the composite θ f : A ∨ f → A f has finite degree. The map θ f is a polarization, so deg(θ f ) is a perfect square (see Lemma 3.14). The modular degree of A f is the square root of the degree of θ f :
When dim A f = 1, moddeg(A f ) is the usual modular degree, i.e., the degree of
If M is an abelian group, let M * = Hom Z (M, Z). The Hecke algebra acts in a natural way on H 1 (X 0 (N ), Z) and H 1 (X 0 (N ), Z) * , and we have a natural restriction map
The following proposition leads to an algorithm for computing the modular degree.
The proposition is proved in [KS00] . The proof makes use of the Abel-Jacobi theorem, which realizes the Jacobian J 0 (N )(C) as a complex torus:
where H 1 (X 0 (N ), Z) is embedded as a lattice of full rank in the complex vector space Hom(S 2 (Γ 0 (N )), C) using the integration pairing, and this description of J 0 (N )(C) is compatible with the action of Hecke operators.
3.4. Intersecting complex tori. Let V be a finite dimensional complex vector space and let Λ be a lattice in V , so that T = V/Λ is a complex torus. Suppose that V A and V B are subspaces of V such that Λ A = V A ∩ Λ and Λ B = V B ∩ Λ are lattices in V A and V B , respectively.
Proposition 3.2. If A ∩ B is finite, then there is an isomorphism
Proof. Extend the exact sequence 
The middle row is exact because A ∩ B is finite so V A ∩ V B = 0. Using the snake lemma, which connects the kernel A ∩ B of A ⊕ B → T to the cokernel of Λ A ⊕ Λ B → Λ, we obtain an exact sequence The following formula for the intersection of n subtori is obtained in a similar way to that of Proposition 3.2. 
3.5. Bounding the torsion from above. In this section we recall the standard upper bound on the order of #A(Q) tor , and we illustrate its usefulness. Let f = a n q n be a weight 2 newform on Γ 1 (N ) with Nebentypus character ε : (Z/N Z) * → C * (recall that f is a form on Γ 0 (N ) if and only if ε = 1), and let A = A f be the corresponding optimal quotient of J 1 (N ), as in [Shi73] . Shimura proved in [Shi94, Ch. 7] that the local Euler factor of A f at p is
by showing that the characteristic polynomial F p of Frobenius on any -adic Tate module of A Fp (for pN ) is
where K f = Q(. . . , a n , . . .). Let Q(ε) be the field generated by the values of ε (note that Q(ε) ⊂ K f ), and for any p N let G p (X) ∈ Q(ε)[X] be the characteristic polynomial of left multiplication by a p on the Q(ε)-vector space K f , which is a polynomial of degree
If p N is odd, standard facts about formal groups imply that the reduction
Likewise, since A ∨ is isogenous to A, the same bound applies to A ∨ (Q) tor , since A ∨ and A have the same L-series. The upper bound is the same for every abelian variety isogenous to A, so it is not surprising that it is not sharp in general. For example, let E (resp., F ) be the elliptic curve labeled 30A1 (resp., 30A2) in Cremona's tables [Cre97] . Then E and F are isogenous, E(Q) ≈ Z/6Z, and F (Q) ≈ Z/12Z, so
(Incidentally, since #E(F 5 ) = 12, the gcd is 12.) For answers to some related deep questions about this gcd, see [Kat81] . 
We find in [FpS:01] that A f is isogenous to the Jacobian J of y 2 + (x 3 + 1)y = −5x 4 − 2x 3 + 16x 2 − 12x + 2 and that #J(Q) = 28. However A f is not isomorphic to J since, as reported in Table 2 of [FpS:01], the Tamagawa numbers of J are c 3 = 28, c 13 = 1, whereas the methods of Section 3.7 below show that the Tamagawa numbers of A f are c 3 = 14, c 13 = 2. The authors do not know for sure whether #A f (Q) = 28, but in Example 3.6 below we show that 14 | #A f (Q). (Also, using the computational techniques of this paper, one sees that the Birch and SwinnertonDyer conjecture implies that #A f (Q) = 28.)
be one of the two Galois-conjugate newforms in S 2 (Γ 1 (13)). This form has character ε : (Z/13Z) * → C * of order 6, and A f = J 1 (13). We have G 3 (X) = X − 2ζ 6 + 2 and ε(3) = −ζ 6 , so
In fact Ogg proved that J 1 (13)(Q) tor ≈ Z/19Z (see [Ogg73] and [MT74] ).
Bounding the torsion from below.
The rational cuspidal subgroup C of J 0 (N )(Q) tor generated by Q-rational cusps is of interest because the order of the image of C in A f (Q) tor provides a lower bound on #A f (Q) tor . Stevens [Ste82, §1.3 ] computed the action of Gal(Q/Q) on the subgroup of J 0 (N )(Q) generated by all cusps (and for other congruence subgroups besides Γ 0 (N )). He found that Gal(Q/Q) acts on the cusps through Gal(
Thus, e.g., (0) − (∞) ∈ J 0 (N )(Q) tor , and if N is square-free, then all cusps are rational.
To compute the image of C in A f (Q) tor , first make a list of inequivalent cusps using, e.g., the method described in [Cre97, §2.2, p. 17]. Keep only the Q-rational cusps, which can be determined using the result of Stevens above and [Cre97, Prop. 2.2.3] (when N is squarefree all cusps are rational). Next compute the subgroup C of M 2 (Γ 0 (N )) generated by modular symbols {α, ∞}, where α is a Q-rational cusp. The image of C in A f (Q) tor is isomorphic to the image of C in
is defined by the integration pairing. To keep everything rational, note that P can be computed using any map with the same kernel as Φ f ; for example, such a map can be constructed by finding a basis for Hom(M 2 (Γ 0 (N )), Q)[I f ] as described at the end of Section 4.2.
Example 3.6. Let the notation be as in Example 3.4. The cusps on X 0 (39) are represented by 0, ∞, −1/9, and −4/13, and since N = 39 is squarefree, these cusps are all rational. Using Magma, we find that the image of C in A f (Q) tor is isomorphic to Z/14Z. Thus A f (Q) tor is isomorphic to one of Z/14Z, Z/28Z, or Z/14Z × Z/2Z, but we do not know which.
Example 3.7. Let
be the form 175D. The cusps of X 0 (175) are represented by
The Q-rational cusps in this list are 0, ∞,
, and these generate a subgroup of A f (Q) tor of order 2. (Incidentally, the group generated by all cusps, both rational and not, is isomorphic to Z/32Z.) Using a p for p ≤ 17 and the method of the previous section, we see that #A f (Q) tor | 4. The authors do not know if the cardinality is 2 or 4.
where 
When p || N , the second author found a computable formula for #Φ A,p (F p ) and (sometimes only up to a power of 2) for #Φ A,p (F p ). There is a discussion about how to compute this number in [KS00] , and [CS01] contains a proof of the formula. Note also that in this case the Tamagawa number of A at p is the same as the Tamagawa number of A ∨ at p. When p 2 | N , the authors do not know of an algorithm for computing c p . However, in this case Lenstra and Oort (see [LO85] ) proved that Example 3.11. Let f be 175D as in Example 3.7. Running the algorithm of [KS00], we find that c 7 = 1, and the Lenstra-Oort bound implies that the only possible prime divisors of c 5 are 2, 3, and 5.
3.8. Visibility theory. We briefly recall visibility theory, which we will use to construct elements of Shafarevich-Tate groups. Section Appendix contains another approach to the results reported in this section, but in the special case of elliptic curves.
Definition 3.12. Let ι : A → J be an embedding of abelian varities over Q. The visible subgroup of X(A) with respect to the embedding ι is
The following is a special case of Theorem 3.1 of [AS02] .
Theorem 3.13. Let A and B be abelian subvarieties of an abelian variety J over Q such that A(Q) ∩ B(Q) is finite. Let N be an integer divisible by the residue characteristics of primes of bad reduction for J (e.g., the conductor of J). Suppose p is a prime such that
where
is the Tamagawa number of A (resp., B) at . Suppose furthermore that B[p](Q) ⊂ A(Q) as subgroups of J(Q). Then there is a natural map
We return to the situation where A = A f is an optimal quotient of J 0 (N ) attached to a newform. In Proposition 3.15 below we show that Vis J0(N ) ( X(A ∨ )) is annihilated by multiplication by moddeg(A) (see also [CM, p. 19] Proof. We work in the setting of Section 16 of [Mil86] , using the notation used there. Consider the pairing
as in [Mil86, p. 135] , where m is an integer that kills Ker(λ). We will show that this pairing is nondegenerate.
. There exists an isogeny λ : 
Proof. The polarization θ f (from Section 3.3) is the composite map A ∨ → J 0 (N ) → A. Let e A be the exponent of the finite group ker(θ f ). By Lemma 3.14, multiplication by m A kills ker(θ f ), so e A | m A . Also θ f factors through multiplication by e A , so there is a map
If φ is a map of abelian varieties (over Q), let φ * denote the corresponding map on Shafarevich-Tate groups. Since
is finite for any n, we obtain the following corollary.
, let I f be the annihilator of f in T, and let 
where we consider
where A and J are the Néron models of A and J, respectively. (See [AS04] for a discussion of why the image of
Proof. Mazur proved this when dim A = 1 in [Maz78, §4] , and we generalized his proof in [AS04] .
When dim A = 1, Edixhoven [Edi91] obtained strong results towards the folklore conjecture that c A = 1, and when A has arbitrary dimension, the authors have made the following conjecture (see [AS04] for evidence): The real volume Ω A is defined as follows. If L * is a lattice in the cotangent space
and hence a measure on T by declaring that the quotient T /L has measure 1. The induced measure of A(R)
We also set
Proof. This lemma is well known, but we give a proof for the reader's convenience (which was suggested by H. Lenstra and B. Poonen). We have the commutative diagram
where the upper horizontal sequence is clearly exact, and the lower horizontal sequence is exact because it is the beginning of the long exact sequence of Gal(R/C)-cohomology that arises from
The middle vertical map is an isomorphism because if it were not, then its kernel would be an uncountable set that maps to 0 in A(R) 0 . The snake lemma then yields an exact sequence
be the map induced by integration, scaled so that 
where the lattice index on the right-hand side should be interpreted as 0 if Φ(T{0, ∞}) has rank less than the dimension of A.
Proof. It is easier to compute withΛ
For any ring R the pairing
Using this pairing, we may view Φ as a map
Note that (T/I f ) ⊗ C is isomorphic as a ring to a product of copies of C, with one copy corresponding to each Galois conjugate f (i) of f . Let π i ∈ (T/I f ) ⊗ C be the projector onto the subspace of (
Since the π i form a basis for the complex vector space (T/I f ) ⊗ C, we see that
which proves the theorem. Let C be the cyclic subgroup of A(Q) of order n generated by x. Consider the map T → C given by T p → T p (x). The kernel of this map is I, and the map is surjective because its image is an additive group that contains x, and C is the smallest such group. Thus the map induces an isomorphism T/I
and since n | #A(Q), Proposition 4.6 implies that
Since c ∞ is a power of 2 and c A is conjecturally 1 (if N is prime, then by Theorem 4.2 it is a power of 2), Proposition 4.6 provides theoretical evidence for Conjecture 2.2 and also reflects a surprising amount of cancellation between c p and #A ∨ (Q).
Results and conclusions
We computed all 19608 abelian varieties A = A f attached to newforms of level N ≤ 2333. Interesting data about some of these abelian varieties is summarized in Tables 1-4 , which use the notation described in this section.
Suppose that A is one of the 10360 of these for which L(A, 1) = 0, so Conjecture 2.2 asserts that X(A) has order 
where T is the upper bound on #A(Q) and #A ∨ (Q) computed using Section 3.5 and using a p for p ≤ 17. Since the Manin constant and the Tamagawa numbers are integers, S u is an upper bound on the odd part of # X ? .
The lower bound S l is defined as follows: Let S l,1 be the odd part of the rational number
where C ⊂ A(Q) tor and D is the part of C coprime to the modular degree of A. Usually C is the group generated by the image of (0)− (∞), and in all cases it contains this subgroup. More precisely, when A is an elliptic curve, we instead let C and D be the full torsion subgroup A(Q) tor , because it is easy to calculate. When A is not an elliptic curve, it would be better to let C be the subgroup generated by all rational cusps, but the authors only realized this after completing the calculations, so we did not do this.
If N is squarefree, we let S l = S l,1 . Otherwise, let S l,2 be the largest part of S l,1 coprime to all primes whose square divides N . This takes care of the Manin constant, which only involves primes whose square divides N . To take care of Tamagawa numbers, remove all primes p ≤ 2 dim(A) + 1 from S l,2 to obtain S l .
Remark 5.1. When N is squarefree, we have
| S u since c A is a power of 2 and no Tamagawa numbers have been omitted from the formulas for S l and S u . For every N ≤ 2333 we found that S l is an integer, so when N ≤ 2333 is squarefree, # X odd ?
is an integer. Since Conjecture 2.2 asserts that # X ? is the order of a group, hence an integer, our data gives evidence for Conjecture 2.2. 
). The table is divided into three vertical regions, where the columns in the first region are about A only, the columns of the second region are about B only, and the third column is about the relationship between A and B.
Example: Level 389.
We illustrate what is involved in computing the first line of Table 1 . Using the method sketched in Section 3.2, we find that S 2 (Γ 0 (389)) contains exactly five Galois-conjugacy classes of newforms, and these are defined over extensions of Q of degrees 1, 2, 3, 6, and 20. Thus J = J 0 (389) decomposes, up to isogeny, as a product A 1 × A 2 × A 3 × A 6 × A 20 of abelian varieties, where dim A d = d and A d is the optimal quotient corresponding to the appropriate Galoisconjugacy class of newforms.
Next we consider the arithmetic of the A d . Using Theorem 4.5, we find that
where c A is the Manin constant attached to A 20 , which, by Theorem 4.2, is of the form 2 n with n ≥ 0. Using the algorithms of Sections 3.5, 3.6, 3.7, we find that #A 20 (Q) = c 389 = 97. Thus Conjecture 2.2 predicts that # X(A 20 ) = 5 2 · 2 11 /c A . The following proposition provides support for this conjecture.
Proposition 5.2. There is a natural inclusion
Since 5 does not divide the numerator of (389 − 1)/12, it does not divide the Tamagawa numbers or the orders of the torsion groups, so Theorem 3.13 yields the asserted injection. To see that (Z/5Z) 2 ∼ = A 1 (Q)/5A 1 (Q), use the standard elliptic curves algorithms [Cre97] .
Invisible elements of X(A)
. Tables 1-4 suggest that much of X(A ∨ ) is invisible in J 0 (N ). This is because Proposition 3.15 implies that if a prime divides # X(A ∨ ) but not moddeg(A ∨ ), then X(A ∨ ) contains an element of order p that is invisible. We find many examples in the table where p divides the conjectural order of X(A ∨ ), but p moddeg(A ∨ ). Invisible elements might become visible at higher level (see [AS02, §4.3 ] for a discussion and example).
5.3. The part of X(A) that must be a perfect square. When dim A = 1, properties of the Cassels-Tate pairing imply that if X(A) is finite, then # X(A) is a perfect square, and the fact that one finds in examples (see [Cre97] ) that # X ? is a perfect square is computational evidence for Conjecture 2.2.
In contrast, when the dimension is greater than one, Poonen and Stoll [PS99] discovered Jacobians J such that X(J) has order twice a square, and the second author found for each prime p < 25000 an abelian variety A of dimension p − 1 such that # X(A) = pn 2 for some integer n (see [Ste02b] ).
Proposition 5.3. Let A = A f be a quotient of J 0 (N ) and let be a prime that does not divide the modular degree of A.
Proof. The Cassels-Tate pairing (see [Tat63, §3] ) induces a pairing
is also finite and φ is nondegenerate. In particular, # X(
. Since J 0 (N ) is a Jacobian, it possesses a canonical polarization arising from the theta divisor; this divisor is rational over Q, since X 0 (N ) always has a point over Q (the cusp ∞ is rational). This polarization induces a polarization θ : A ∨ → A, which also comes from a divisor that is rational over Q. Hence, by [Tat63, Thm. 3 .3] (see also [PS99, Thm. 5]), the pairing
obtained by composing θ with the pairing φ above is alternating. Since does not divide the modular degree of A, it does not divide the degree of the isogeny θ. Hence θ induces an isomorphism
. Thus by the nondegeneracy of the pairing φ, the pairing φ is also nondegenerate. Since φ is also alternating, it follows from arguments similar to those in [Cas62, p. 260 
is also a perfect square.
For the entries in Tables 1-4 , X(A) is finite, so if moddeg(A), then the -power part of # X(A) must be a perfect square. When S l = S u and the level is squarefree, then S l is the odd part of the conjectural order of X(A). We found that S l is a perfect square whenever S l = S u , which provides evidence for Conjecture 2.2.
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Appendix. "Explaining" Shafarevich-Tate via Mordell-Weil
In our article [CM] we discussed the notion of visibility and offered some tables of examples of that phenomenon. We gave, however, very little theoretical discussion in that article. Here we wish to take the opportunity to correct some gaps in our commentary on our tables and to offer the details of the proof of a general criterion that is sometimes useful to test visibility. Regarding Table 1 of [CM] we said that for each pair (E, p) that occurs there and for which there is a corresponding "F " on the table of the same conductor of E, the Shafarevich-Tate group of E is explained by the Mordell-Weil group of F , in the technical sense that we gave to the word explained in that article. Now this is indeed the case for all entries of our table such that E has semistable reduction at p and it is also the case for those entries where the conductor of F properly divides the conductor of E. We will review why this is so, below. It is also true that for each of the remaining 7 entries (E = 2601H, 2718D, 2900D, 3555E, 3879E, 3933A, 5499E) a nontrivial subgroup of the Shafarevich-Tate group of E is explained by the Mordell-Weil group of the corresponding F , but we wish to notify our readers that we have not yet checked whether or not all of the " X" of these 7 elliptic curves is so explained. These 7 cases deserve to be looked at (the issue being local at the prime 3 for all but 2900D, where it is local at the prime 5). Regarding Table 2 of [CM] , although our commentary in [CM] does not say this clearly, for all the entries E of that table for which there is a corresponding F of the same conductor we only have checked that E[2] = F [2] in J 0 (N ) and nothing more, except, of course, for those entries we particularly signal to have shown something less, namely, in the language of our article, that they "seem to satisfy a 2-congruence." In these latter cases where we signal that we have shown something less, W. Stein has checked that in fact
Let p be an odd prime number. If E is an (optimal) elliptic curve over Q of conductor N , then E may be unambiguously identified (up to sign) with a subabelian variety of the modular Jacobian J 0 (N ) (over Q). If (E, F, p) is an entry of Table 1 of [CM] such that E and F are of the same conductor N , we checked that we have equality of the finite group schemes
For the remaining three entries, we checked that there is an isomorphism of finite group schemes ι :
In both cases, identifying the two finite group schemes, let H denote the common cohomology group,
and let S E ⊂ H and S F ⊂ H be the p-Selmer groups of, respectively, E and F . What we will show is that Proposition A.1. For each of the entries (E, p) in Table 1 of [CM] such that p is a prime of semistable reduction for E and for which there is a "corresponding" F , we have
To discuss this, we need some notation. Let Φ be the (punctual) sheaf of abelian groups for the flat topology over X which fits into the exact sequence (of abelian sheaves over X)
We will use the same notation to indicate the corresponding exact sequence of sheaves for theétale topology over X. Since E 0 and E are smooth group schemes, the long exact sequences of cohomology derived from the short exact sequence (A.1), viewed either as sheaves of abelian groups for the flat orétale topology, coincide; cf Section 11, Appendice: Un théorème de comparaison de la cohomologieétale et de la cohomologie fppf in [Gro68] . Thinking now of Φ as a sheaf for theétale topology, denote by Φ its stalk at the prime . So Φ is representable as a finiteétale group scheme over the field F . We have that
where i : SpecF → X is the natural closed immersion. We have an exact sequence
where cohomology is computed for theétale topology. We have, for either topology,
Viewing (A.1) as an exact sequence of sheaves for the flat topology and passing to the associated cohomology sequence, we see that (A.2) may be thought of ambiguously as computed for either theétale or the flat topology. If p is an odd prime number, the p-primary component of the Shafarevich-Tate group of E is the p-primary component of the image of H 1 (X, E o ) → H 1 (X, E) (see the appendix to [Maz72] ) or equivalently the intersection of the kernels of
Let p be an odd prime number. Let E ⊂ E be the open subgroup scheme of E which is the inverse image of pΦ ⊂ Φ, so that we have an exact sequence of sheaves for the flat (orétale) topology,
and if p is a prime of semistable reduction for E (equivalently, p 2 does not divide N ), we have an exact sequence of flat group schemes
so that we have the exact sequence of sheaves for the finite flat topology
with Ψ a subquotient of Φ. Consider the following hypothesis: A(E, p, ): The Galois module Φ /pΦ is either trivial or else it is a nonconstant cyclic Galois module over F . Let A(E, p) denote the conjunction of hypothesis A(E, p, ) for all prime numbers , or equivalently, for all dividing N .
Lemma A.2. These are equivalent formulations of hypothesis A(E, p).
(a) Φ/pΦ is cohomologically trivial; that is, Proof. The equivalence of hypothesis A(E, p) with (a) and with (b) is straightforward using standard exact sequences plus the fact that the p-primary components of the (underlying abelian group of) Φ is cyclic since p > 2, and noting that a (finite) G-module of prime order with nontrivial G-action has trivial cohomology. For (c) we are using that if p > 2, the p-primary component of Φ vanishes for all primes of additive reduction for E except when p = 3 and the Néron fiber type of E at is IV or IV*.
A morphism G 1 → G 2 of flat (commutative, finite type) group schemes over X will be said to induce an isomorphism on p-cohomology if the induced mappings 
Corollary A.5. Let p be an odd prime number, semistable for E, and suppose that A(E, p) holds.
(i) The image of the natural (injective) coboundary mapping
attached to the Kummer sequence is contained in the image of the natural injection
(ii) We have an exact sequence
Proof. All this follows from straightforward calculations using the cohomological exact sequences associated to the exact sequences (1)-(5) in the light of the previous discussion.
To set things up for our application, let us record the following: . Let V denote their common generic fiber (identified via ι) considered as a two-dimensional F p -vector space with G Qp -action. Let C(E) ⊂ V and C(F ) ⊂ V denote the one-dimensional subspaces given by the generic fibers of the finite flat subgroup schemes C /Xp corresponding to the exact sequence (A.6) for E and for F , respectively. Suppose, first, that these one-dimensional F p -subspaces C(E) and C(F ) are different. It then follows that the G Qp -representation V splits as the direct sum of C(E) and C(F ), both F p -subspaces being isomorphic, as I Qp -modules to µ p , where I Qp ⊂ G Qp is the inertia subgroup of G Qp . But this contradicts the fact that V is self-Cartier dual (under the Weil pairing). Consequently, C(E) = C(F ) ⊂ V . From the above discussion it follows that we can extend ι to an isomorphism
Our proposition then follows (from Corollary A.6) for all entries in Table 1 of [CM] where p is of semistable reduction for E once we produce special arguments to cover the three special cases E = 3306B, 5136B and 2366D. The first two of these cases are "special" because we only have an injectionẼ[p] /Xp →F [p] /Xp and not an isomorphism. However, the cokernel of this morphism restricted to the fiber in characteristic 3 is, in both of these cases, a cyclic group with nontrivial G Q3 -action and hence is 3-cohomologically trivial. In particular, the injectionẼ[p] /Xp → F [p] /Xp induces an isomorphism on flat cohomology over X, and the argument for these two cases proceeds as before. This leaves (E, F, p) = (2366D, 2366E, 3) which is the only example of an entry (E, F, p) in our table, where E has a Qrational point of order p and (this is no accident) where hypothesis A(E, p) and hypothesis A(F, p) fail. (Indeed there are no other failures of hypothesis A(F, p) for any of the (E, F, p)'s occurring in Table 1 of [CM] and only one other failure of hypothesis A(E, p), which is for (E, p, ) = (2932A, 3, 2).)
Let us now deal with the case (E, F, p) = (2366D, 2366E, 3) . The subgroup C of Q-rational points of order 3 on E specializes in characteristic 13 to yield an isomorphism C ∼ = Φ 13 and the same for the subgroup of Q-rational points of order 3 on F . We make use of this information to cut down the group schemesẼ [ It remains to say a few words about why, in the 7 cases of entries (E, F, p) in our Table 1 of [CM] for which p is a prime of additive reduction for E some nontrivial elements of the Shafarevich-Tate group of E are explained by the Mordell-Weil group of F . Briefly, the reason is as follows. By the inflated p-Selmer group of E (and of F ) let us mean the subgroup of H obtained by insisting upon all the local Selmer conditions at primes different from p, but putting no condition at p. The pSelmer group of E (and of F ) are, in all 7 instances, F p -vector spaces of dimension 2 and therefore, the inflated p-Selmer groups are of dimensions either 2 or 3. Working over Y rather than over X, the above argument applied to these 7 remaining cases gives us an identification of the inflated p-Selmer groups of E and of F in H. But the true p-Selmer groups (vector spaces of dimension 2) being subspaces in a vector space of dimension ≤ 3 must have a nontrivial intersection.
